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Abstract. We identify the recently studied relativistic orthogonal polynomials in terms of
Jacobi polynomials, so all their properties follow from the corresponding properties of Jacobi
polynomials through a change of variable.

1. Introduction

Recently several authors have studied the so-called relativistic Hermite, Laguerre and Jacobi
polynomials [1–10]. They noted that these relativistic polynomials are orthogonal with
respect to varying weight functions, meaning that the weight function depends on the degree
of the polynomials involved. The relativistic Hermite, Laguerre and Jacobi polynomials
were introduced in [1], [8] and [3], respectively. In addition, the so-called relativistic Szegö
polynomials were introduced in [4].

The purpose of this paper is to point out that all these relativistic polynomials are Jacobi
polynomials in a different variable. In general what happens is the following. Let{pn(x)}
be a family of orthogonal polynomials satisfying∫ ∞

−∞
pm(x)pn(x) dµ(x) = hnδm,n. (1.1)

Clearly everyqn(x) defined through

qn(x) := (αx + β)npn

(
ax + b

αx + β

)
(1.2)

is a polynomial of degreen if α = 0 andβ 6= 0 and also ifα 6= 0 provided thatpn(a/ 6= 0.
This is true because the leading term inqn(x) is limx→∞ x−nqn(x). Now observe that a
change of variable in (1.1) will make theqn(x)’s of (1.2) orthogonal with respect to a
varying weight. Explicitly this is the relationship∫ ∞

−∞
qm(x)qn(x)(αx + β)−m−n dµ

(
ax + b

αx + β

)
= hnδm,n. (1.3)

Although polynomials orthogonal with respect to a varying weight function are
interesting, the ones obtained through the above construction do not yield any new
information. In fact Nagel [11] has already pointed out that the relativistic Hermite
polynomials are ultraspherical polynomials but this has not seemed to stop others from
studying them, see for example [12]. We certainly hope this paper will close this chapter
on relativistic orthogonal polynomials.
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2. Identification

What is needed here, other than the standard notation for shifted factorials and
hypergeometric functions [13], is the following set of elementary identities,

(σ )s = 0(σ + s)/0(σ) (2.1)

(2σ)2s = 22s(σ )s(σ + 1/2)s (2.2)
n!

(n − s)!
= (−1)s(−n)s (2.3)

and the (Pfaff–)Kummer transformation [13]

2F1

(
a, b

c

∣∣∣∣x)
= 2F1

(
a, c − b

c

∣∣∣∣ x

x − 1

)
. (2.4)

Also recall that [14]

P (α,β)
n (x) = (α + 1)n

n!
2F1

( −n, n + α + β + 1
α + 1

∣∣∣∣ 1
2(1 − x)

)
. (2.5)

In the case of the case of the relativistic Hermite polynomialsH(N)
n (x)

H (N)
n (x) :=

[n/2]∑
k=0

an,n−2k(2x)n−2k (2.6)

where

an,n−2k := (−1)kn!Nk0(N + 1/2)0(n + 2N)

k!(n − 2k)!(2N)n0(N + k + 1/2)0(2N)
= (2N)n(−n)2k(−N)k

(N + 1/2)kk!
(2.7)

where we have used (2.1) and (2.2). Upon using (2.3) we see thatH(N)
n (x) has the

hypergeometric representation

H(N)
n (x) = (2N)nx

n

Nn 2F1

(
−n/2, −(n − 1)/2

∣∣∣∣ − N/x2

)
. (2.8)

Now the Pfaff–Kummer transformation (2.4) gives

H
(N)

2n (x) =
(

1 + x2

N

)n
(2N)2n

Nn 2F1

( −n, n + N

N + 1/2

∣∣∣∣ N

N + x2

)
= (2N)2nn!

Nn(N + 1/2)n

(
1 + x2

N

)n

P (N−1/2,−1/2)
n

(
x2 − N

x2 + N

)
. (2.9)

Similarly

H
(N)

2n+1(x) = x
(2N)2n+1n!

Nn+1(N + 1/2)n

(
1 + x2

N

)n

P (N−1/2,1/2)
n

(
x2 − N

x2 + N

)
.

According to [8] and [3] the relativistic Laguerre polynomials are

L(α,N)
n (x) :=

n∑
j=0

(
n + α

n − j

) n−1∏
k=n−j

(
1 + 2k + 1

2N

)
(−x)j

j !
. (2.10)
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It is easy to apply (2.1) and (2.3) and obtain

L(α,N)
n (x) = (α + 1)n

n!

n∑
j=0

(−n)j (−N − n + 1/2)j

(α + 1)j j !

(
− x

N

)j

= (α + 1)n

n!
2F1

( −n, −N − n + 1/2
α + 1

∣∣∣∣ − x

N

)
= (α + 1)n

n!

(
1 + x

N

)n

2F1

( −n, α + N + n + 1/2
α + 1

∣∣∣∣ x

x + N

)
where we have again used the Pfaff–Kummer transformation (2.4). This shows that

L(α,N)
n (x) =

(
1 + x

N

)n

P (α,N−1/2)
n

(
N − x

N + x

)
.

The relativistic Jacobi polynomials were introduced in [3] as

P (α,β,N)
n (x) :=

n∑
k=0

(
n + α

n − j

)
(N − β)k(x − 1)k

(2N)kk!

(
n + (α + —

¯
1)N + /

¯
2

N − β

)
k

. (2.11)

Therefore

P (α,β,N)
n (x) = P (α,γ )

n (y) (2.12)

with

y := x(N − β) + β

N
and γ := β(α + N + 3/2)

N − β
. (2.13)

With the identification (2.12) and (2.13) the distribution of zeros and other properties of the
relativistic Jacobi polynomials [5, 6] follow from the corresponding results for the Jacobi
polynomials.

We finally come to the so-called relativistic Szegö polynomials. In [4] it is claimed that
Szeg̈o [14] introduced the generalized Hermite polynomials

H
µ

2n(x) = (−1)n4nn!L(µ−1/2)
n (x2) H

µ

2n+1(x) = (−1)n4nn!(2x)L(µ+1/2)
n (x2). (2.14)

It is not really right to call these Szegö polynomials because Szegö [14] pointed out that
these polynomials are Laguerre polynomials in a different normalization. The point is that
there is no reason to study them or their zeros separately [8], if we can get the same
information from the extensive results in Szegö’s book [14]. The relativistic version of
the H

(µ)
n ’s is expressed in terms of the relativistic Laguerre polynomials which we have

already identified as Jacobi polynomials. We leave to the reader the exercise of writing
them explicitly as Jacobi polynomials.

3. Conclusion

The relativitic polynomials that have been the subject of several recent publications are not
new. They are Jacobi polynomials and their properties follow from the properties of Jacobi
polynomials.

Acknowledgments

This work was done while the author was visiting Imperial College. We gratefully
acknowledge the hospitality and support from both Imperial College and the University
of South Florida. We also thank Mathiew He for providing us with the references on this
question. This research was partially supported by NSF grant DMS 9203659.



3202 M E H Ismail

References

[1] Aladya V, Bisquert J and Navarro-Salas J 1991Phys. Lett.156A 381
[2] Dehesa J, Torres T and Zarzo AOn a New Set of Polynomials Representing the Wave Functions of the

Relativistic Harmonic Oscillatora manuscript
[3] He M and Natalini PThe Relativistic Jacobi Polynomialsa manuscript
[4] He M, Noschese S and Ricci P E The relativistic Szego polynomialsJ. Integral Transforms Special Functions

to appear
[5] He M and Pan KThe Relativistic Jacobi Polynomialsa manuscript
[6] He M and Pan KDistribution of Zeros of the Relativistic Jacobi Polynomialsa manuscript
[7] He M, Pan K and Ricci P EDistribution of Zeros of the Relativistic Hermite Polynomialsa manuscript
[8] Natalini P The Relativistic Laguerre Polynomialsa manuscript
[9] Natalini P and Noschese SSome Properties of the Relativistic Laguerre Polynomialsa manuscript

[10] Zarzo A and Martinez A 1993J. Math. Phys.34 161
[11] Nagel B 1994J. Math. Phys.25 1549
[12] Noschese SAsymptotics for the Largest Zero of Szeg¨o’s Generalization of the Hermite Polynomials

a manuscript
[13] Rainville E D 1972Special Functions(New York: Chelsea)
[14] Szeg̈o G 1975Orthogonal Polynomials4th edn (Providence, RI: American Mathematical Society)


